A graded Holstein-Primakoff realization of the SU(2/1) algebra is proposed. A spin-wave theory with a condition that the sublattice magnetization is zero is discussed. It is shown that the generalized spin-wave theory is appropriate to investigate the long-range spiral (incommensurate) phase of the t − J model at T = 0. The spin-spin correlator is calculated.
I. Introduction
Among the many electronic models which are being currently studied in the context of high-T c superconductivity, the two dimensional t − J model is the simplest one and it is rather general to describe the basic physics of the new superconductor , and there are arguments that one can derive it from a multiband Hubbard model 2, 3 .
At half-filling the t− J model reduces to the Heisenberg model. This is a welcome result, since, the methods developed for the Heisenberg model can be extended and applied to investigate the properties of the t − J model, atleast at nearly half-filling. Schwinger boson slave-fermion mean field theory was used and an antiferromagnetic ordered Neél state at half-filling was found 4 
.
This state evolves into long-range spiral (incommensurate) antiferromagnetic states at large doping. Quantitatively, this is described by the dependence of the spirality angle Q on the doping 5 . Originally, the spiral phase of the t − J model was obtained by Shraiman and Siggia who used a somewhat different approach 6 .
Recently, Takahashi has formulated a modified spin-wave theory of Heisenberg (anti)ferromagnets 7, 8 . He has supplemented the usual spin-wave theory with the constraint that the magnetization of each site is zero. This enforces the condition that the total number, on average, of spin waves per site is S, and that the sublattice rotational symmetry is not broken. In one dimension the modified spin wave theory yields excellent agreement with Bethe ansatz results for spin S = 1/2. Takahashi's results are in quantitative agreement with the Schwinger boson mean field theory 4 and with the renormalization group theory 9 .
In this paper we formulate, along the same line, a generalized spin wave theory appropriate to investigate the spiral phase of t−J model. Some results of Ref. 10 are used.
In Section II the canonical bose-and fermi-operators are used to realize the SU(2/1) algebra. The graded Holstein-Primakoff representation is written in a local frame. The effective hamiltonian is obtained in leading order
, as a function of the angles θ i which determine the local frame. To preserve the sublattice rotational symmetry we impose two additional conditions. To enforce them, we introduce two terms in the hamiltonian with chemical potentials λ and ζ. For the special values of θ i = kπ, ζ is equal to zero and we reobtain the Takahashi's spin-wave theory. We express the angles θ i by the spirality angle Q. To determine the last one, we calculate the energy of the system per site. The physical value of Q is that which minimizes the energy. It depends on the doping.
In Section III we calculate the large distance asymptotic of the spinspin correlation function. At T = 0 we obtain long-range correlation which is characterized by the angle Q and the quantity m which is related to the spin-wave bose-condensate. At finite temperature, the correlation function exponentially falls when the separation between the two sites is large. At small doping the spin-spin correlator looks like in the theory of Heisenberg antiferromagnet. When the doping is large enough it looks like in the theory of Heisenberg ferromagnet.
Section IV is devoted to the concluding remarks.
II. Graded spin-wave theory
The t − J model is defined by the Hamiltonian
where c + iσ (c jσ ) are the fermi operators of the electron (σ = 1, 2) on site i(j) of a 2D square lattice which act on states with no double occupancy on a lattice site i(j), S i are spin operators, and µ is the chemical potential. By < i, j > we denote the sum over the nearest neighbors.
The eight operators c iσ , c 
They satisfy the following graded commutation rules
The graded algebra SU(2/1) can be realized using a canonical bose a i , a
and fermi ψ i , ψ
where θ i are arbitrary angles which run over intervals with length π. When θ i = 0, π, 2π... the Eqs. (5) reduce to the graded Holstein-Primakoff representation
11
. It is easy to prove that so defined operators satisfy the algebra Eqs. (2, 3) . In particular, the spin operators satisfy the SU(2) algebra and S parametrizes the representation of the SU(2/1) algebra. At half-filling S is exactly the spin of the system. The physical relevant case is S = 1 2 . In spin-wave approximation one must replace 2S − a
, the Hamiltonian Eq. (1) takes the form
where
and
Farther on, we shall use special values for the angles θ i
where π ≤ Q ≤ 2π and r i = (r x i , r y i ) are the coordinates of the lattice site i. The Eqs. (6) (7) (8) yield the conventional spin wave theory. To preserve the sublattice rotational symmetry one must impose, by hand, an additional condition. Here it is < n i · S i >= 0 (10) where n i is a unit vector which fixes the local frame we have chosen in Eqs. (5).
When θ i = 2kπ the Eq. (10) is the condition imposed by Takahashi for ferromagnets 7 . When θ i = kπ Eq. (10) coincides with the condition discussed in spin-wave theory of antiferromagnets 8, 12 Making use of Eq. (11) and the representation for the spin operators
Eqs. (5), one can rewrite the condition Eq. (10) in the form
To enforce the constraint Eq. (12) we introduce a new term in the Hamilto-
with Lagrange multiplier to be determined by Eq. (12).
It is not difficult to check, that Eq. (12) has a solution just for Q = π, 2π. This is easy to be understood because the identities
are satisfied only for these values of Q. To ensure the implementation of the Hamiltonian in the momentum space reads
N is the number of lattice sites, and k runs over the Brillouin zone. Throughout this paper we put the lattice spacing equal to one.
The Bose part of the Hamiltonian Eq. (15) is diagonalized by a Bogoliubov transformation. The result is
The free energy of the system is given by the expression
is the inverse temperature. The three chemical potentials λ, ζ and µ are determined by the equations
It is more convenient to write their linear combinations
where δ is the doping parameter.
We introduce new chemical potentials η 1 , η 2 which are determined by the equalities 
From Eq. (24) one gets 
Straightforward calculations lead to the following low-temperature assymptotics of the chemical potentials η 1 and η 2
and m 1 , m 2 are given by
For the other values of Q, M 2 < M 1 . Q 2 is defined from Eq. (31) with m 2 = 0
Finally, let Q runs the interval Q 1 < Q < Q 2 . Then η 1 (T ) goes to one, when T goes to zero, and η 2 (O) >| cos Q |.
where m 1 and η 2 (O) are determined by the equations For the further convenience we have used a common notation for the variables m 1 , m 2 when π ≤ Q ≤ Q 1 and when Q 2 ≤ Q ≤ 2π, but their origin is different. At zero temperature, when π ≤ Q ≤ Q 1 , η 1 = 1 and η 2 =| cos Q |, the bose system condenses at the wave vectors k * = (±π, ±π) and k o = (0, 0). Then, the spin-wave correlators read
When Q 2 ≤ Q ≤ 2π, η 1 = 1 and η 2 = cos Q the bose system condenses at the wave-vector k * and for the spin-wave correlators are obtains
When Q 1 < Q < Q 2 the spin-wave correlators are given by Eq.(38) with n (1)
. To complete our analysis we shall discuss the magnon spectrum as a function of Q. From Eqs (23) we obtain that when π ≤ Q ≤ Q 1 there are two antiferromagnetic magnons:
. The spin-wave velocity v ′ s approaches zero when Q approaches Q 2 and in the interval [Q 2 , 2π] we obtain the ferromagnetic
The angle Q is a free parameter in the theory. To determine it we shall calculate the energy of the system per site.
From Eqs. (5), taking into account the conditions Eqs. (12, 14) , one obtains in spin-wave approximation
Putting Eqs.(40-42) into Eq. (1) one obtains for the energy per site at
where η 2 is defined above and θ(−ǫ f ) is the step function.
When Q 2 ≤ Q ≤ 2π, the energy is given by
For a given δ E is a function of Q, and the physical value of Q(Q o ) is that which minimizes the energy. It depends on δ.
When the doping is very small Q 0 is close to π, η 2 =| cos Q |, and
The minimum of the energy is at
The energy per site is plotted in Fig.1 
The fermi term goes to zero when | r i − r j | goes to infinity and we shall drop it. As a result we obtain that the large distance asymptotic of spin-spin correlator at T = 0 is
This implies the presence of the long-range spiral phase. From Eqs. (26) one obtains that in leading order of δ
In Fig. 3 we have plotted m as a function of δ for different values of t/J.
At finite temperature, the bose energy E b (k) (see Eq. (23)) has a finite gap. As a consequence, the bose correlators have a finite correlation length.
For the spin-spin correlation function at small doping (when π ≤ Q o (δ) ≤ Q 2 (δ) and large distance one obtains
where ξ 
